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1. INTRODUCTION

In recent years there has been an increasing interest in
distributed intelligent sensor networks {1-12]. This
interest has been generated by the requirements of
military surveillance systems.and other civilian
applications.

An intelligent sensor network is a collection of units
with sensing, computational, and communication ability.
Thus one has a network of communicating processors
with sensing capability. The processors’ function is to
cooperatively monitor the environment and be able to
ascertain its salient features. These intelligent sensors
may be dedicated deployable units or may be resident on
moving platforms.

One major issue in distributed intelligent sensor
networks is the tradeoff between communication and
computation. In a hostile environment where low
probability of intercept considerations are important, one
may want to minimize communication among intelligent
sensors. But on the other hand, when time is an
important consideration, one may want to minimize the
total time taken in order to get the solution and one may
want to spread observations to as many intelligent sensors
as possible.

Several authors haVe recognized the importance of the
compute versus communicate issue for distributed
intelligent networks. As it is put in [10]:

The question of ‘what to compute’ and ‘what to communicate’ are
at the core of the distributed fusion system design problem. They are,
unfortunately, very complex questions and with our present
understanding it is easier to make lists of subsidiary questions than to
answer the primary ones. Consequently, very little has appeared in
the literature and what has tended to be descriptive rather than
prescriptive. Thus we find many proposals for distributed systems,
but little design methodology.

There has been a great deal of work on only
communication and on only computation, but not that
much on both communication and computation.

In this paper, a linear network of communicating
processors is considered. The objective is to solve a
computational problem in a minimal amount of time. The
motivation is a situation where one processor receives a
burst of measurement data (the processing load) and
distributes the processing load to other sensors to obtain
the benefits of parallel processing. Different processors
may have different processing speeds and each link
between processors may have a different channel
capacity. The problem is that of determining the best
distribution of processing load among the sensors.

This paper is organized as follows. In section II, the
case of equal division of processing load in a distributed
intelligent sensor network is discussed. In section III, the
case of optimal division of processing load is considered
where front end processors are available to subsume the
task of communication. In section IV, the case without
front end processors is examined. Finally in section V,
the time required to compile solutions is considered.
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1. EQUAL DIVISION OF PROCESSING LOAD

Constder a linear network of identical communicating
processors. Every processor can communicate with only
its right and left immediate neighbors. All links have
identical channel capacities. The processors may be
equipped either with or without front end processors.
Both cases are discussed in the following.

A. Linear Network Without Front-End Processor

Consider first the case that processors are equipped
without front end processors, so that the processors can
not compute and communicate at the same time. Suppose
that the processor at the left end of the chain receives a
burst of measurement data, which is its processing load.
There are two cases of interest. In the first the entire
measurement data is required by each processor. In the
second the measurement data is divided equally among
the processors.

If the entire measurement data is to be transmitted to
the other N — 1 processors, the total process time 7, is

Tep
I, =N - I)Tcm + = (1
N
where T, is the time to transmit the entire measurement
data over the channel, and T, is the time it takes for one
processor to process the entire processing load. By
differentiating both sides of (1), the number of processors
at which T, is minimized is found:

T, 1
N= [Z= |- (2)
Tem P

where p is defined as 7,,,/T,,, the ratio of communication
time over computation time. Note that too few processors
leads to insufficient parallelism and too many processors
leads to excessive communication delays.

If the processor should decide to divide the processing
load equally into N smaller parts and share this with the
other N — 1 processors, it will transmit N — 1 parts to its
right immediate neighbor and compute the part left over.
Upon receiving the N — 1 parts, the neighbor then
transmits the N — 2 parts to its immediate neighbor and
computes the part left over. The process repeats itself and
stops at the Nth processor. The timing diagram for N=5
of the process is shown in Fig. 1. For each processor its
graph shows communication time above the horizontal
axis and computation time below it.

Since T,,/N is always overlapped with T.,,/N except
at the last processor, the total process time 7, is

ZE’ﬂ(N—1+N—2+
N

I

T('p
T, +1) + W

N -1 T,
£ 3)

i

when

2= s “)

In the above discussion, the time it takes for every
other processor to report its solution back to the starting
processor is assumed to be very short and can be ignored.
In some application this may not be true. The inclusion
of this time in the case of parallel processing is examined
next.

The same linear network as mentioned before is
considered. When the last processor that received the
measurement data finishes its computation, it starts
sending back the solution to its left immediate neighbor.
The transmission takes time Ts. Upon receiving the
solution, the neighbor transmits the solution and its own
solution to its left immediate neighbor. This transmission
takes 27s. The process repeats itself until all the solutions
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are sent back to the starting processor. The timing Equation (6) may be solved numerically for N to

diagram for N =15 is shown in Fig. 2. The time to minimize T,.

transmit solutions is shown at the right of the diagram

above the axis. The total time 7, takes for the whole B. Linear Network With Front End Processor
process is

For the linear network of processors that are equipped
with front end processors, the processors can
T, = Ten (N=1+N=2+ - + ) communicate and compute at the same time. The total
N processing time taken for both of the previous cases is
actually the same as for the linear network without front

T,
+ Wp + Tg(1+2 4+ - + N—1) (5) end processors. Solution time may or may not be
ignored. The timing diagram for N =35 of a linear
N — 1 T, (N=1N network with front end processors and the inclusion of
=_——TC"!+_—+TS——-—. l i i i h i F' 3
2 N D) solution time is shown in Fig. 3.

From the timing diagrams (Fig. 2 and Fig. 3), the
total processing time is the total communication time plus

To minimize T;, (5) can be differentiated at both sides the computation time of the last processor for both the
and becomes network with front end processors and the network
without front end processors. Their T, are thereby the
N3Ts + N°T,, — 2T, = 0. (6) same.
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I11. OPTIMAL DIVISION OF PROCESSING
LOAD. LINEAR NETWORK WITH FRONT END
PROCESSOR

In section II, it was shown that the linear network of
processors equipped with front end processors has the
same minimal total processing time as the network
without front end processors. In this section and the next
section, the optimal division of processing load division
is examined and the performance of this approach for
both the network with front-end processors and the
network without front end processors is compared.

We consider a linear network with front end
processors where each of the processors in the network
may have different computing capabilities and the channel
capacity between processors may be different.

A. Origination at Network Boundary

Suppose that the processor at left end of the chain
receives a burst of measurement data and is to share the
data with the other N — 1 processors. The starting (or the
first) processor then divides the processing load into N
smaller parts optimally instead of equally as in section II.
It keeps the fraction &, of the processing load for itself
and transmits the remaining measurement data to its right
immediate neighbor. Upon receiving the measurement
data, the neighbor (the second processor) keeps the
fraction &, of what it has received to process and
transmits the remaining to its right immediate neighbor
(the third processor). For the ith processor, it keeps the
fraction &; of what it has just received and transmits the
remaining to the i + 1st processor. The process repeats
itself until the Nth processor is reached. The timing
diagram of the entire process is shown in Fig. 4.

In order to obtain maximum parallelism and a
minimum time solution all the processors must stop
computing at the same time. This can be proved by
induction (see Appendix I). This can be seen intuitively

as one should keep all processors utilized up until the last
moment for maximum efficiency. The starting processor
should compute its fraction of the processing load during
the entire processing period, so that the total processing
time 7, equals the processing time of the starting
processor. From Fig. 4 it can also be seen that the
processing time o;w;T,, of the ith processor equals the
transmission time, (1 —oa, —a,— -+ —;)z,T,,, from
the ith processor to the i + 1st processor plus the
processing time, ;w1 T,,, of its right immediate
neighbor (the i + Ist processor), where q;s are the actual
fraction of processing load of the ith processor and can

be expressed as a function of @;s:

o = @ (7
i—1

o = <J_:] (1&j))&i, i=2,3 ., N—1. (8
The total computing time of the ith processor equals
aw T, = (l—a;—ay~ - —a)z;T,,

+ o Wi Tep. 9)
Substituting (8) into (9) yields
awi T, = (1 =02 T, + (1= &) 04T,

i=1,2,3,..,N=-2 (10

and

OLN~1WN—1Tcp = —ay Dy 1Tem

+ (I—ay_T,wy (1

where w;s are inversely proportional to the speed of the
ith processor and z;s are inversely proportional to the
channel speed between the ith and the i + Ist processor.
From (10) and through some simple algebra, &; may be
expressed as
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n Z; + &i w;
& = Y +1Wit (12)

Wit zip 0 Wiy

where p, as defined before, equals 7,,,/T,,, and &; is a

function of &;,,. From (11) &y_, can be solved as
Iv-1P T wy

Oy_y = . 13)
Whoi tozvop +owy (

Thi &,s can be solved recursively through (12) and (13).
The total processing time is

(14)

T, = aywT,.

In Fig. 5 the minimum total processing time is plotted
against the number of the processors in the linear network
withw; = 1, T, = 1, p = 0.5, and the five
performance curves are obtained with z; = 0.1, 0.2, 1,
5, and 10, respectively. As shown in the figure, the
longer the communication delay, the longer the total
processing time. Note that minimum total processing time
levels off after a certain number of processors.

B. Origination from Network Interior

Suppose that a processor in the middie of the linear
network, instead of the one at the end, receives a burst of
measurement data and is to share the data with N, other
processors to its left and N, processors to its right in the
network. Since every processor in the network has only
one front end processor, the starting processor can
transmit in only one direction at a time. As in the
unidirectional transmission case above, the starting
processor first divides the processing load into smaller
parts, then it transmits the fraction B, of the total
processing load to its left immediate neighbor and the
fraction 3, of the total processing load to its right
immediate neighbor, and keeps the remaining fraction
1 — B, — B, for itself to compute at the same time. Upon
receiving the data, the left neighbor (the left first

processor) transmits the fraction 1 — &;; of what it has
received to its left immediate neighbor and keeps the
remaining load for itself to compute. The whole process
at the left side repeats itself until the N;th processor is
reached. The right neighbor (the right first processor)
performs the same operation as the left first processor,
and the process at the right side stops when the N, th
processor is reached. The timing diagram of the entire
process is shown in Fig. 6.

As in the unidirectional case, in order to achieve
maximum parallelism and a minimum time solution all
the processors must stop computing at the same time, and
the starting processor should compute its fraction of the
processing load during the entire processing period. The
total processing time is equal to the processing time of
the starting processor. From the timing diagram, it can be
seen that the processing time (1 —8,— B,)woT,, of the
starting processor equals the transmission time $,z;,7T,, of
the fraction B, of the measurement data transmitted to its
left immediate neighbor plus the processing time
B,&,,w,,TCP of the left first processor. The processing
time B,&;;wy, T, of the left first processor also equals the
transmission time 8,207, from the starting station to its
right immediate neighbor plus the processing time
Br&rlwrchp of the right first processor. Both equations
are shown below:

(15)

(=B, =BIwoT, = BizioTom + Brotynwi Tep

Biaywy T, = (16)

BI‘ZI‘OT(I" + Br&rl erTCp
where &; and &,; are the fraction of what the left and
right ith processors have received for themselves to
compute, respectively, wy;, w,; are inversely proportional
to the computing speed of the left and right ith
processors, respectively, and z;;, z,; are inversely
proportional to the channel speed between the ith and the
i+ Ist processor of both the left and right sides of the
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Origination at network boundary with front end processor.
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starting processor. The Oth processor is the starting
processor.

From (15) and (16), both B, and B, can be expressed

as
B, = Wo(2,0p + &y W,1)
L (Wot Zigp + Gy Wi ) (0P + Gy wyr) F Gy Wi W
(7
and
B, = &IIWHWO

(Wo + zi0p + &y Wi ) (Z,0P + Gy Wy ) + Gy Wy Wy
(18)

From Fig. 6 it can also be seen that both the left side and
right side of the starting processor are identical to the
unidirectional case discussed earlier in this section with
the left first processor and the right first processor as their
starting processor, respectively. Thus &;; and &,; are
readily obtained from (12) and (13) recursively with
corresponding wy;, z;; and w,;, z,;. Thus from (7) and (8)
'the actual fraction ay; and a,; of the total processing load

CHENG & ROBERTAZZI: DISTRIBUTED COMPUTATION WITH COMMUNICATION DELAY

of the left and right ith processor can be calculated and
from (17) and (18) B, and B, can be solved. The total
processing time is then

Tr = (I_B[_BF)WOTLW’ (19)

In Fig. 7 the minimum total processing time is plotted
against the position of the processors in a linear network
of 21 processors with w; = 1, T, = 1, p = 0.5, and
the five performance curves are obtrained with z; = 0.1,
0.2, 1, 5, and 10, respectively. As shown in the figure,
the longer the communication delay the longer the total
processing time, and the total processing time is
minimized when the starting processor is at the center of
the linear network, though this is a shallow minima.

IV. OPTIMAL DIVISION OF PROCESSING
LOAD. LINEAR NETWORK WITHOUT FRONT
END PROCESSOR

A linear network without front end processors is now
considered. Each of the processors in the network, as
those of the network in Section III, may have different
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computing capabilities and the channel capacity between
processors may be different.

A. Origination at Network Boundary

Suppose that the processor at the left end of the chain
receives a burst of measurement data and is to share the
data with the other N — 1 processors. The starting (or the
first) processor then divides the processing load into N
smaller parts optimally. It first transits the fraction 1 — &,
of the measurement data to its right immediate neighbor
and then computes the fraction &, of the processing load
itself. Upon receiving the measurement data, the neighbor
(the second processor) transmits the fraction 1 — a, of
what it has received to its right immediate neighbor (the
third processor) and then keeps the remaining &, for itself
to compute. For the ith processor, it transmits the fraction
1 — @&, of what it has just received to the i + 1st processor
and keeps the remaining &; for itself to compute. The

Origination from network interior with front end processor.

process repeats itself until the Nth processor is reached.
The timing diagram of the entire process is shown in Fig.
8.

In order to obtain maximum parallelism and a
minimum time solution all the processors must stop
computing at the same time. This can also be proved by
induction. The starting processor should remain
operating, i.e., transmitting first to the second processor
and then computing its fraction of the processing load,
during the entire processing period. The total processing
time, T,, thus equals the transmission time plus the
computing time of the starting processor. From Fig. 8 it
can be seen that the computing time of the ith processor,
a;w,;T,,, equals the transmission time (1 —a; — o —
—a;)z; 41T, from the i + Ist to the i + 2nd processor
plus the computing time «;,,7,, of the i + Ist processor,
where ;s are the actual fraction of processing load of the
ith processor and can be expressed as a function of &;s
((7) and (8)). The total computing time of the ith
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processor equals

ow; T, = (Il —ay—oy— -+ =)z T,y

+ oy wil,, =1,2,...,N—2 (20
Substituting (8) yields
awT, = (1=a)(1 =&,z T,

+ (1 =) Wi Ty,

i=12,..,N—-2 (21)

and
Sy Wy 1Ty = (1= Gy )wyT,, 22)

where w;s are inversely proportional to the speed of the
ith processor and z;s are inversely proportional to the
channel speed between the ith and the i + st processor.
From (21) and through some simple algebra, &; may be
expressed as

(- &i+1)2ip + &i+lwi+l

&; = - . ,
Lt (I =Gy ) zip G Wi y)

i=12 ...,N=-2

(23)

where p equals T,,,/T,, and ¢&; is a function of &, ,.

From (22) &y_, can be solved as

Wy

(24)

Oy = ——— -
Nl Wy + wy

So the &;s can be solved recursively through (23) and

(24). The total processing time is

T,

T,=U-0a)zT, + oywT,,. 25)

In Fig. 9 the minimum total processing time is plotted
against the number of the processors in the linear network
withw;, = 1, T, = 1, p = 0.5, and the five
performance curves are obtained with z; = 0.1, 0.2, 1,

5, and 10, respectively. As shown in the figure, the
longer the communication delay, the longer the total
processing time. The minimum total processing time
levels off after a certain number of processors. For the
same parameters the total processing time is longer than
the network with front end processors.

B. Origination from Network Interior

Suppose that a processor in the middie of the linear
network, instead of the one at the end, receives a burst of
measurement data and is to share the data with N, other
processors to its left and N, processors to its right in the
network. It may transmit the measurement data to both
sides of the network. The starting processor can transmit
in only one direction at a time. As in the unidirectional
transmission case above, the starting processor first
divides the processing load into smaller parts, then it first
transmits the fraction {3, of the total processing load to its
left immediate neighbor and the fraction {3, of the total
processing load to its right immediate neighbor, and
keeps the remaining 1 — 3, — B, fraction for itself to
compute. Upon receiving the data, the left neighbor (the
left first processor) transmits 1 — @, fraction of what it
has received to its left immediate neighbor and keeps the
remaining &, for itself to compute. The whole process at
the left side repeats itself until the N;th processor is
reached. The right neighbor (the right first processor)
performs the same operation as the left first processor,
and the process at the right side stops when the N,th
processor is reached. The timing diagram of the entire
process is shown in Fig. 10.

As in the unidirectional case, in order to achieve
maximum parallelism and a minimum time solution all
the processors must stop computing at the same time.
This can also be proved by induction. The starting
processor should remain operating i.e., transmitting first
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Origination at network boundary with no front end processor.
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to the left processor, then to the right processor and then
computing its fraction of the processing load, during the
entire processing period. The total processing time 7,
equals to the transmission time plus the computing time
of the starting processor. From the timing diagram, it can
be seen that the computing time (1 — B, — B,)wo T, of the
starting processor equals the transmission time

B.(1 —a,)z,, T, of the right first processor plus the
computing time 3,6, w,,T,, of the same processor. The
transmission time, from the starting processor to the right
first processor, B,z,07T., plus the computing time

(1 —B;,—B,IweT,, of the starting processor equals the
transmission time B,(1 — &)z, T,., of the left first
processor plus the computing time B,&,,w;, T, of the
same processor. Both equations are shown below:

(1 - BI - Br)WOT(‘p = Br(] - &rl)zrch'm + Br&rlwrchp
(26)
BrerTc'm + (l - B[ - Br)wOTq)
= Bl =&z Tom + Biaywn Ty  (27)
where &, and @,; are the fraction of what the left and
right ith processors have received for themselves to

708

compute, respectively, wy;, w,; are inversely proportional
to the computing speed of the left and right ith
processors, respectively, and z;;, z,; are inversely
proportional to the channel speed between the ith and the
i+ 1st processor on both the left and right sides of the
starting processor. The Oth processor is the starting
processor.

From (26) and (27), both 3, and 3, can be expressed

as
B, = (woll =Gy ziop + &yywywo)/[(1 = &) z,0p
+ & w,p +wo) (1 = &) zi0p
+ o wy +wo) + (2,0p — wo) Wl (28)
and
8, = Br(z,0p — wo) + wo (29)

(=) ziop + auw, + wo

From Fig. 10 it can also be seen that both the left
side and right side of the starting processor are identical
to the unidirectional case discussed earlier in this section
with the left first processor and the right first processor as
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their starting processor, respectively. Thus &, and &,; are
readily obtained from (23) and (24) recursively with
corresponding wy;, z;;, and w,;, z,;. From (7) and (8) the
actual fraction «;; and «,; of the total processing load of
the left and right ith processor can be calculated, and
from (28) and (29) B, and B, can be solved. The total
processing time is then

TI = (l - BI_ Br)WOTc'p

In Fig. 11 the minimum total processing time is
plotted against the position of the processors in the linear
network of 21 processors with w; = 1, T, = 1,

p = 0.5, and the five performance curves are obtained
with z; = 0.1, 0.2, 1, §, and 10, respectively. As shown
in the figure, the longer the communication delay, the
longer the total processing time, and the toal processing
time is minimized when the starting processor is at the
center of the linear network, though, as with the network
with front end processors, this is a shallow minima. By
comparing Fig. 7 and Fig. 11, it can be seen that the
network with front end processors performs better than
the one without.

+ B[ZIOT('m + BrerTcm' (30:

V. OPTIMAL DIVISION OF PROCESSING
LOAD. INCLUSION OF SOLUTION TIME

In both Sections III and IV, the time taken for every
other processor to report its solution back to the starting
processor is assumed to be very short and can be ignored.
As in the equal division of processing load case, in some
applications this may not be true. There are many
possible ways for the other processors to report their
solutions back to the starting processor. As an example,

the network may have differing computing capabilities
and the channel capacities between the processors may be
different. The processor at the left end receives a burst of
measurement data and is to share the measurement data
with the other processors in the network. The entire
process is similar to the one in Section III except for the
inclusion of solution time. When the Nth processor
finishes its computation, it starts sending back the
solution to its left immediate neighbor. The transmission
takes time 7. Upon receiving the solution, the neigbor
transmits the solution and its own solutions to its right
immediate neighbor. This transmission takes 27. The
solution sending process repeats itself until all the
solutions are sent back to the starting processor. The
timing diagram of the entire process is shown in Fig. 12.
In order to obtain maximum parallelism and a
minimum time solution, the starting processor should
compute its fraction of the processing load during the
entire processing period, and the computing time o, w;T,,
of the ith processor should overlap exactly with the
transmission time (1 —~a;, —a>— '+ — o)z, 7T, from the
ith to the i + 1st processor plus the cumulative solution
transmission time (N — i)z, Ty + z;T¢ from the
previous processors plus the computation time of the ith
processor. With «, defined as the actual fraction of the
total processing load, the equations are shown below.
For the first processor,

ayw, T, = (1 =)z T, + oawaT,, + 2,7 (31)

and for the ith processor,

0‘I'MYI’T(‘[) = (l Oy Ty '(XI)Z,'T(,,H + Oy Wiy lT(‘])

42T+ (N=i)z, ,Ts. i=23 ..N

the inclusion of this solution time in a linear network (32)
with front end processors is discussed here. and
We consider the same linear network with front end -
processors as in Section 11l where all the processors in ay =1 —o) — " — oy (33)
12
B Lo
z < 10
10 Z- 50
o
E 09
2
;" 0.8
3 0.7 H
é \ : 10
06 A S~—— P S
=
L 0.5
E 0.4
g
5 0.3 A
= .z 02
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The Position of the Slarting Processor
Fig. 11. Origination at network interior with no front end processor.
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where w;s are inversely proportional to the speed of the
ith processor and z;s are inversely proportional to the
channel speed between the /th and the / + 1st processor.

There are totally N linear equations and N unknowns,
so the o,'s that minimize the total processing time can be
determined, and the total processing time is

T, = aywT,

ope

(34)

There are other ways of reporting the solution back to
the starting processor. For instance, the solution time may
be of fixed length when transmitted from each processor,
or solution time may be proportional to the length of the
data processed by a particular processor. Similar sets of
linear equations can be formed, and ;s and T, can thus
be solved as well.

VI. CONCLUSION

In this paper a linear network of intelligent processors
is examined. The interaction between communication and
computation is the most interesting aspect of this work. It
is of practical interest and the optimal division of
processing load can be determined relatively simply. It is
also interesting that minimum time solutions do not
require large number of processors in the network.

APPENDIX |

It is demonstrated that for a minimum time solution
all processors must stop at the same time. For simplicity
the values of w;s, which are inversely proportional to the
speed of the ith processor, and z;s, which are inversely
proportional to the channel speed between the ith and the
i + 1st processor, are assumed to be one. This is done
without loss of generality. The problem is assumed to
originate from the left boundary and all the processors are
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equipped with a front end processor for communication
off-loading.

PrOOF. Consider the two rightmost, the N — 1st and
the Nth, processors. The N — Ist processor keeps o
fraction of data that it has received and transmit the
remaining | — « fraction to the Nth processor. There are
two possibilities, either the N — Ist or the Nth processor
will stop computing first. Both cases are discussed below.

Case |

The Nth processor stops first

T, = aTl, (35)
aTcp = (1 - OL) (T('m + Tz‘p) (36)

where T, is the total processing time for these two
processors, T.,, is the time to transmit the entire
measurement data over the channel, 7, is the time it
takes for one processor to process the entire processing
load, aT,, is the computing time of the N — Ist
processor, and (1 — a)(T,,, + T,) is the sum of the
transmission time from the N — 1st to the Nth processor
and the computing time of the Nth processor.

From (36) we have

m T 1.
T(m T(p (37)

" Tem + 2T,
and from (35)
T + Ty

min(7,) =

= 1 A7 Tq}
Tmz + 2T<7}

(1 —min(a))(T,,, + T,

op

a

min(a)T,,

) (38)

where min(x) is the minimum of x. It can be seen from

IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 24, NO. 6 NOVEMBER 1988

Aintharizad licencad 1ica limitad ta* SLINY AT STONY REOOK Dawnwmnlaadeaed oan Nenweamhbar 10 2002 at 2112 frnm IEEE Ynlare PRactrirtinne annlv



(38) that it is preferable to stop the processors
simultaneously rather than have the Nth stop first.
Case 11
The N — st processor stops first

Tt = (1 - a)(Tmn + T('p) (39)
aT, = (1 —a)(T,, +T,). (40)
From (40) we have

- Tcm + T(‘[) 41
“=r, T, @
and from (39)

mm(T,) = (1- max(a))(Tﬂm + T('p)
T('m + T(-p
= 1l - — (T('m + T('p)
T, + 2T,
= max(a)T,, (42)

where max(x) is the maximum of x. From (42) it is
apparent that it is preferable to stop the processors
simultaneously rather than stop the N — Ist processor
first. Together with Case I this shows that the minimal
time solution results when both processors stop
simultaneously.

One can extend the above result to the N — 2nd
processor by replacing the N — Ist and Nth processors by
an equivalent processor with processing time aT,, (35).
In this way the result can be generalized to an entire

network of processors. For other linear networks
mentioned in the paper, the proof is similar.

APPENDIX Il

When front end processors are not included for
communication off-loading there are certain parameter
values for which distributing the computational load to
other processors does not result in a time savings. To see
this, consider two adjacent processors. The time taken by
the first processor is

(1 _(xl)ZT(‘m + (leth'p' (43)
The time taken by the second processor is
(1 - al)ZTcm + (1 - CXI)Wz T('p' (44)

Consider these two equations as functions of «,. The
second equation has a negative slope. The first equation
has a positive slope if w,T,,, > zT,,, and a negative slope
if w,T,,, < zT,,,. In the former case there is a value of
a;, 0 < a;, < 1, which minimizes the computational
time. In the latter case computational time is minimized
when «, equals one. This corresponds to no distribution
of the computational load.

The condition for distribution of the computational
load, w,T,, > zT,,,, intuitively means that the
communication time over the link between the processors
must be less than the computation time of the first
processor in order to achieve a net savings through
distribution of the processing load.
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