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Abstract—The nonmonotonic behavior of power/ground noise
with respect to the transition time is investigated for an induc-
tive power distribution network with a decoupling capacitor. The
worst case power/ground noise obtained with fast switching char-
acteristics is shown to be significantly inaccurate. An equivalent
transition time that corresponds to resonance is presented to ac-
curately estimate the worst case power/ground noise in the time
domain. Furthermore, the sensitivity of the ground noise to the
decoupling capacitance and parasitic inductance is evalu-
ated as a function of the transition time. Increasing the decoupling
capacitance is shown to efficiently reduce the noise for transition
times smaller than twice the time constant, � .
Alternatively, reducing the parasitic inductance is shown to be
effective for transition times greater than twice the time con-
stant, � . The peak noise occurs when the transi-
tion time is approximately equal to twice the time constant,

� , referred to as the equivalent transition time for
resonance.

Index Terms—Decoupling capacitance, noise reduction, noise
sensitivity, power/ground distribution network, power/ground
noise, resonance, target impedance, worst case transition time.

I. INTRODUCTION

I N A high-performance integrated circuit, power and ground
voltages should be reliably distributed to satisfy function-

ality and performance while considering the overall resources
devoted to these distribution networks. The reliable distribu-
tion of power and ground voltages, however, is a challenging
task due to the high current demands and reduced operating
voltages [1], [2]. The parasitic resistance and inductance of the
power and ground distribution networks produce
voltage drops, reducing the overall voltage across the load. Effi-
cient and sufficiently accurate estimation of these voltage drops
is also challenging due to the high complexity of on-chip inter-
connects [3].

Typically, two design metrics should be satisfied when char-
acterizing the power noise in the time domain [4]: 1) the max-
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Fig. 1. Clock waveform and corresponding peak and average power noise in
the time domain.

imum allowable average noise within a clock cycle and 2) the
maximum allowable peak noise. The average noise determines
the amount of variation in the delay of a critical path, that is,
the maximum operating frequency of the circuit under power
supply variations is dependent upon the average noise. The max-
imum allowable peak noise is determined by the noise margins.
A power noise greater than the maximum noise can change the
logic state of a node, causing a circuit to fail. The time domain
representation of the peak and average power noise, and a re-
lated clock waveform are illustrated in Fig. 1 for a synchronous
digital circuit. A significant number of registers switches simul-
taneously with the rising edge of the clock, causing a consider-
able drop in the power supply voltage during this transition time
[5]. Furthermore, the noise signal can propagate to the output
of a gate, degrading signal integrity and causing unnecessary
power consumption [6], [7]. Power/ground noise can also affect
sensitive circuits such as phase-locked loops and sigma-delta
modulators by producing additional jitter [8].

Decoupling capacitors are often used to reduce power/ground
noise by temporarily providing charge to the load circuits during
switching events [9], [10]. Several factors such as the placement,
size, and recharge time of the decoupling capacitors should be
considered for efficiency [11]–[13]. Another important consid-
eration for decoupling capacitors is the resonance. The par-
allel combination of the decoupling capacitor with the para-
sitic inductance of the power distribution network produces a
peak impedance at the resonant frequency
due to the tank circuit. The impedance at the resonant fre-
quency should therefore be smaller than the target impedance to
satisfy the noise constraints.

The impedance characteristics of a power distribution system
have been investigated with particular focus on the resonant be-
havior [14], [15]. The corresponding transition time that pro-
duces the maximum noise in the time domain, however, has
not received much attention. Faster signal transitions (smaller
transition times) are typically assumed to produce the worst
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case noise. This assumption, however, is not valid for an induc-
tive power distribution network with a decoupling capacitor. In
[16], two extreme cases are considered in the analysis of ground
noise: when the switching time is much smaller or much greater
than the inverse resonant frequency. The maximum noise, how-
ever, occurs at an intermediate transition time rather than at one
of the two extreme cases, as shown in this paper.

The nonmonotonic behavior of power/ground noise with re-
spect to the transition time is investigated. The worst case tran-
sition time producing the maximum noise in the presence of a
decoupling capacitor is determined. The sensitivity of the noise
to the decoupling capacitance and parasitic inductance is also
evaluated.

The remainder of this paper is organized as follows. Back-
ground material is provided in Section II. The equivalent circuit
model to estimate the peak-to-peak power/ground noise is de-
scribed in Section III. The nonmonotonic noise behavior with
respect to the transition time is investigated in Section IV. The
paper is concluded in Section V.

II. BACKGROUND

Background material is provided in this section for deter-
mining the worst case transition time. Specifically, the target
impedance characterizing a power distribution network is de-
scribed in Section II-A. The use of a decoupling capacitor to
satisfy a target impedance is explained in Section II-B. The dif-
ficulty of a frequency domain analysis and the need for a worst
case transition time in time domain analyses are discussed in
Section II-C.

A. Target Impedance

A power distribution system is typically analyzed in the
frequency domain to satisfy a target impedance over a specific
range of operating frequency [1]. The target impedance of a
power distribution network is determined from the nominal
power supply voltage , maximum tolerable ripple on the
load circuit as a per cent of the nominal power supply voltage,
and the current required by a load circuit from the power
distribution network [10]

(1)

The average current is estimated from the power consumption
at a specific clock frequency

(2)

Replacing (2) in (1) results in

(3)

As determined by (3), the target impedance is reduced quadrat-
ically as the nominal voltage is scaled. Furthermore, the power
consumption increases due to the higher integration densities,
requiring further reductions in the target impedance. A recent

Fig. 2. Impedance characteristics of a power distribution network without a
decoupling capacitor.

Fig. 3. Impedance characteristics of a power distribution network with a de-
coupling capacitor.

16 core microprocessor, implemented in a 65-nm CMOS tech-
nology, consumes 250 W at a supply voltage of 1.2 V [17]. Ac-
cording to (3), the impedance of the power distribution network
for this microprocessor should be less than 0.3 m over a wide
frequency range, assuming a 5% maximum ripple is allowed,
i.e., . The target impedance should therefore be ag-
gressively decreased to satisfy power/ground noise constraints
in deep-submicrometer technologies.

B. Decoupling Capacitance

Decoupling capacitances have traditionally been placed
across power and ground conductors to satisfy a required target
impedance [1], [18], [19]. A typical frequency response of
a power distribution system with and without a decoupling
capacitor is depicted, respectively, in Figs. 2 and Fig. 3 [1].

When no decoupling capacitance exists, the total resistive
impedance dominates at frequencies . At
frequencies , the impedance linearly increases
since the total inductive impedance dominates. At the
frequency , the impedance exceeds the
target impedance, as depicted in Fig. 2. A decoupling capacitor
increases the frequency at which the output impedance exceeds
the target impedance, as illustrated in Fig. 3 [1].

Note, however, that with a decoupling capacitor, the fre-
quency response exhibits a nonmonotonic behavior due to res-
onance. Specifically, at the resonant frequency ,
the total impedance with a decoupling capacitance is larger
than the impedance without a decoupling capacitance due to
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Fig. 4. Target impedance and noise. (a) Target impedance is not satisfied in the
frequency domain, (b) although the target noise is satisfied in the time domain.

the parallel combination of the capacitance and inductance,
forming an tank circuit.

In the frequency domain, the resonant frequency produces the
worst case peak power noise. This nonmonotonic behavior is
described here in the time domain. The advantages of a time-
domain analysis are reviewed in the following subsection.

C. Frequency-Domain Versus Time-Domain Analysis

Although computationally more efficient, a frequency-do-
main analysis is typically pessimistic as compared with a
time-domain analysis [20] since the frequency range over
which the target impedance should be satisfied is not well
defined. As illustrated in Fig. 4 [20], the peak-to-peak noise can
be within the tolerable range although the target impedance is
not satisfied. A frequency-domain analysis therefore may cause
overdesign of the power/ground network [20]. Alternatively, a
time-domain analysis produces an estimate of the power/ground
noise that is less pessimistic.

A primary issue in time-domain analysis is the difficulty in
considering the resonant behavior. The fastest transition, i.e.,
smallest transition time of the current transients, is typically
assumed to produce the greatest noise [16]. This assumption
is not valid, as described in this paper, due to the nonmono-
tonic behavior of the power/ground noise. An approximate so-
lution for the worst case transition time producing the greatest
power/ground noise in the time domain is presented. The sensi-
tivity of noise to the parasitic inductance and decoupling capac-
itance is also investigated as a function of transition time.

III. POWER/GROUND NOISE MODEL

An equivalent circuit model to investigate the noise behavior
in terms of the transition time is shown in Fig. 5, where ,
and , represent the power and ground impedances, respec-
tively, is the decoupling capacitor, and is the effective se-
ries resistance of the capacitor. Note that is the summation of
the intentional decoupling capacitance and the intrinsic capaci-
tance of the nonswitching gates within a circuit [21]. Techniques
to estimate this capacitance are described in [22]. The load cir-
cuit is represented by a current source with a transition time
and peak current . This triangular approximation of the
current waveform is reasonable since a large number of registers
switches simultaneously with the clock signal in synchronous

Fig. 5. Equivalent circuit model to estimate power supply noise and ground
bounce. � , � , and � , � represent the power and ground impedances, re-
spectively. � is the decoupling capacitor and � is the effective series resis-
tance of the capacitor. The load circuit is represented by a current source with
a transition time � and peak current � .

digital circuits [2], [23], [24]. Note that this model does not con-
sider the feedback effect of the power noise since in this model
the current is independent of this noise. Practically, however,
the transistor current is affected by the power noise since this
current is dependent upon the power supply [25]. Also note that
the impedance between the decoupling capacitor and the cur-
rent load is negligible, assuming that the decoupling capacitor
is placed sufficiently close to the switching circuit [12].

The current provided by the decoupling capacitance
and the current flowing through the parasitic inductance
from the power supply are, respectively

(4)

(5)

where and are, respectively

(6)

(7)

Note that the parasitic resistance and inductance of the power
and ground networks are assumed to be equal due to the sym-
metry of these two networks [26], i.e., and .

A ramp function is assumed for the noise as

(8)

where is the peak noise voltage and is the transi-
tion time of the noise spike [2], [27]. Practically, the noise can
be better approximated with an exponential function (due to the
discharge from the decoupling capacitor) at the expense of more
complicated analytic solutions. The error introduced by approx-
imating the noise as a ramp function is described in Section IV.

Replacing (6) in (4) and (7) in (5), and taking the deriva-
tive with respect to time results in the following differential
equations:

(9)
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(10)

Solving these differential equations with the initial conditions
and produces the inductive and capacitive

current, respectively, as

(11)

(12)

These currents can be rewritten as

(13)

(14)

where , the conductance of the capacitance path, and
, the conductance of the inductance path, are given,

respectively, by

(15)

(16)

Note that these conductances are both a function of the tran-
sition time . Hence, the amount of current provided by the
decoupling capacitor as determined by (13), and the amount of
current provided by the power supply as determined by (14)
are both dependent upon the transition time. Specifically, as the
transition time becomes smaller, increases and de-
creases. This situation is illustrated in Fig. 6 where (15) and (16)
are plotted as a function of transition time. The operating pa-
rameters are mA, nH, pF,

, , and . Note that, in the
frequency domain, the admittance of an inductance de-
creases with frequency. A conductance refers to the time-do-
main correspondence of the admittance. Since a decrease in
transition time corresponds to an increase in frequency, the in-
ductive conductance decreases. Similarly, the admittance of a
capacitance increases with frequency. In the time domain,
therefore, the capacitive conductance increases with decreasing
transition time, as illustrated in Fig. 6.

The capacitive current , therefore, increases with de-
creasing transition time. Alternatively, the inductive current

increases with longer transition times. Intuitively, a
smaller transition time corresponds to a higher frequency,
where the impedance of the capacitance is smaller and the
inductance is higher. The capacitance is, therefore, more effec-
tive at smaller transition times and becomes less effective as
the transition time increases since a majority of the switching

Fig. 6. Capacitive and inductive conductance as a function of rise time where
� � ���� mA, � � � nH, � � �� pF, � � ��� �, � � ��� �, and
� � � .

current is provided by the power supply at higher transition
times. The implications of this dependence are discussed in
Section IV.

Assuming the peak ground noise occurs when the
switching current reaches the maximum current [2], e.g.,

, the summation of the capacitive and inductive
currents at is equal to the peak switching current
of the load circuit

(17)

From (13), (14), and (17), the peak ground noise at
can be expressed as

(18)

Replacing (15) and (16) in (18) produces the peak noise voltage
given in (19), shown at the bottom of the page. Note that if the
capacitive current is much greater than the inductive current,
e.g., or , the second term in (18) can
be neglected without a significant loss in accuracy, guaranteeing
the pessimism of the expression. In this case, the peak ground
noise is approximated by

(20)

Alternatively, if the inductive current is much greater, the first
term in (18) can be neglected and the peak noise is estimated as

(21)

(19)
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Fig. 7. Comparison of peak-to-peak ground noise as a function of the transition
time obtained from SPICE simulations and (22) for � � ���� mA. The
ground network impedances are � � � nH, � � �� pF, � � ��� �, and
� � ��� �. The dotted lines depict the estimated capacitive and inductive
currents as a function of transition time.

It is, however, important to note that the maximum peak noise
occurs when the inductive and capacitive currents are approxi-
mately equal, as described in the following section.

If the circuit is underdamped, i.e., the damping factor is
smaller than one, oscillations occur due to a parallel combina-
tion of the parasitic inductance and decoupling capacitor. In
this case, the peak-to-peak ground noise voltage is

(22)

where is the damping factor given as

(23)

IV. NONMONOTONIC NOISE BEHAVIOR

The impedance of a parallel circuit is maximum at the
resonant frequency, . At this frequency, both the
capacitive and inductive paths carry a significant amount of cur-
rent, giving rise to resonant behavior. Similarly, in the time do-
main, there exists a transition time at which the capacitive and
inductive currents are close and the peak-to-peak noise is max-
imum. The worst case transition time producing the maximum
noise is described in Section IV-A. The sensitivity of the noise to
the decoupling capacitance and parasitic inductance as a func-
tion of transition time is explained in Section IV-B.

A. Worst Case Transition Time

The capacitive and inductive currents and the corresponding
ground noise are plotted as a function of transition time in
Fig. 7 using (11) and (12) for the currents and (22) for the noise
voltage, where mA, nH, pF,

, and . Equation (22) is also compared
with SPICE in Fig. 7.

The model accurately captures the nonmonotonic depen-
dence of noise on transition time, exhibiting a maximum error
of 12.5%. Note that this error is due to approximating the noise

as a ramp function which is a better assumption for smaller
transition times, producing a smaller error.

As shown in Fig. 7, for sufficiently small transition times, the
capacitive current dominates, and the inductance does not af-
fect the ground noise. As the transition time increases, the ca-
pacitive current decreases and the inductive current increases.
The peak noise occurs at a transition time where these currents
are approximately equal. This specific transition time is
referred to as the worst case transition time or the equivalent
transition time for resonance (identical to the resonant behavior
in the frequency domain). If the transition time further increases,
the noise decreases due to lower noise, making the ca-
pacitance less significant. The assumption of fast transients as
the worst case scenario for noise can be overly optimistic in
a circuit with sufficient decoupling capacitance. This conclu-
sion is similar to reducing the resonant frequency with a larger
capacitance. Increasing the decoupling capacitance, therefore,
has the drawback of reducing the resonant frequency, or simi-
larly, increasing the worst case transition time. Note that the in-
trinsic capacitance between the power and ground networks due
to the nonswitching gates contributes to the overall decoupling
capacitance. For sufficiently large circuits, this capacitance can
be significant [21], [22], that is, the assumption of fast current
transients as the worst case scenario is overly optimistic for
large-scale circuits.

According to Fig. 7, an expression for the worst case transi-
tion time can be developed by equating (15) with (16) at

and solving for as

(24)

A closed-form solution, however, does not exist due to the expo-
nential terms in and . Assuming ,
then

(25)

Replacing (25) in (15) gives

(26)

Similarly, can be expanded using a Taylor series ex-
pansion to

(27)

(28)

Assuming in (28) results in

(29)



1002 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 56, NO. 5, MAY 2009

TABLE I
COMPARISON OF THE PEAK-TO-PEAK GROUND NOISE ANALYTICALLY

OBTAINED AT � � � � � WITH THE PEAK-TO-PEAK NOISE OBTAINED

BY SPICE FOR DIFFERENT PARASITIC GROUND NETWORK IMPEDANCES

Fig. 8. Peak-to-peak ground noise for different values of � when � �
���� mA, � � � nH, � � �� pF, and � � ��� �.

The worst case transition time at which these conductances
are approximately equal is determined from (26) and (29) as

(30)

The ground noise is obtained at for different
parasitic impedances of the ground network and compared with
the maximum noise obtained at the same impedance. These re-
sults are listed in Table I. The error of in es-
timating the maximum noise is greater with increasing and

, but is sufficiently small within the practical values of these
resistances, as listed in Table I.

The effect of the parasitic resistance and the effective se-
ries resistance of the decoupling capacitance on the worst
case transition time is further illustrated, respectively, in Figs. 8
and 9. Increasing reduces the noise until a specific transition
time is reached due to additional damping. Beyond this transi-
tion time, however, the noise increases due to a greater drop
along the ground network, making the decoupling capacitance
ineffective. Alternatively, an increase in results in decreased
noise at higher transition times due to the increased damping
and higher noise at smaller transition times where the decou-
pling capacitance is effective.

B. Noise Sensitivity as a Function of Transition Time

The normalized sensitivity of the ground noise as a function
of transition time is determined in this section to evaluate the

Fig. 9. Peak-to-peak ground noise for different values of � when � �
���� mA, � � � nH, � � �� pF, and � � ��� �.

Fig. 10. Normalized sensitivity of the ground noise as a function of transition
time when � � ���� mA, � � � nH, � � �� ��, � � ��� �, and
� � ��� �.

efficacy of reducing the parasitic inductance and increasing the
decoupling capacitance on reducing the ground noise. The nor-
malized sensitivity of the ground noise to a parameter is de-
termined by

(31)

The normalized sensitivity of the ground noise as a function
of transition time, as determined by (31), is shown in Fig. 10.
The sensitivity of the noise to the decoupling capacitance is high
at small transition times and decreases with increasing transition
time. Alternatively, the sensitivity of the noise to the parasitic
inductance is low at small transition times and increases with
longer transition times. Increasing the decoupling capacitance
is therefore effective in reducing the noise for .
Alternatively, reducing the parasitic inductance is effective for
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Fig. 11. Comparison of the noise reduction obtained by doubling the decou-
pling capacitance and halving the inductance.

TABLE II
EFFECT OF THE DECOUPLING CAPACITANCE ON REDUCING THE PEAK-TO-PEAK

GROUND NOISE. � � � nH

TABLE III
EFFECT OF THE PARASITIC INDUCTANCE ON REDUCING THE PEAK-TO-PEAK

GROUND NOISE. � � �� ��

. This behavior is due to the changing ratio of
the capacitive and inductive currents with respect to the transi-
tion time, as shown in Fig. 7. The effect of the decoupling ca-
pacitance and parasitic inductance on the ground noise is listed,
respectively, in Tables II and III for different transition times.
At ps, doubling the decoupling capacitance reduces the
noise by 51.2%, and only 25.7% when ps. Halving the
parasitic inductance, however, reduces the noise by only 15.4%
when ps, and 35.6% when ps. Note that
the sensitivity to the transition time crosses over at zero when

, demonstrating the nonmonotonic dependence,
as described in Section IV-A. Placing additional decoupling ca-
pacitance is therefore more effective in reducing the noise at
smaller rise times. Alternatively, reducing the parasitic induc-
tance is more effective at higher transition times. This behavior
is illustrated in Fig. 11.

V. CONCLUSION

The nonmonotonic dependence of the power/ground noise on
the transition time is shown for an inductive power distribution
network with a decoupling capacitance. The power/ground in-
terconnect is modeled as a series RL impedance. The decou-
pling capacitance is modeled as a capacitance in series with a re-
sistance. The model captures the nonmonotonic dependence of

noise on the transition time with sufficient accuracy as compared
to SPICE. The worst case transition time or the equivalent tran-
sition time for resonance producing the maximum peak-to-peak
noise is also presented based on this model. The worst case
power/ground noise is shown to be significantly inaccurate if
determined assuming fast switching characteristics. The effect
of the parasitic line resistance and effective series resistance

of the decoupling capacitor on the noise is also investigated.
Increasing reduces the noise at smaller transition times due
to additional damping since the decoupling capacitance is effec-
tive. At higher transition times, however, the noise increases due
to a larger drop along the inductive power/ground path. Al-
ternatively, an increase in results in lower noise at higher
transition times by providing additional damping and higher
noise at lower transition times due to a larger drop along the
capacitive path. The sensitivity of the noise on the decoupling
capacitance and parasitic inductance is also investigated. The
decoupling capacitance is shown to efficiently reduce the noise
for transition times smaller than twice the time constant,

. Alternatively, reducing the parasitic inductance
is effective for transition times greater than twice the time
constant, .
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